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Pancharatnam-Berry geometric phase has attracted enormous interest in subwavelength optics and
electromagnetics during the past several decades. Traditional theory predicts that the geometric phase is
equal to twice the rotation angle of anisotropic elements. Here, we show that high-order geometric phases
equal to multiple times the rotation angle could be achieved by meta-atoms with highfold rotational
symmetries. As a proof of concept, the broadband angular spin Hall effect of light and optical vortices is
experimentally demonstrated by using plasmonic metasurfaces consisting of space-variant nanoapertures
with C2, C3, and C5 rotational symmetries. The results provide a fundamentally new understanding of the
geometric phase as well as light-matter interaction in nanophotonics.
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As a novel phase shift mechanism, the Pancharatnam-
Berry geometric phase is a direct result of spin-orbit
coupling of photons in structured materials, which has
been widely used to control the light wave front and to
design various types of functional metadevices known as
geometric phase metasurfaces [1,2]. Different from other
phase modulation approaches based on the variation of
geometric sizes [3–5], these geometric phase metasurfaces
are composed of arrays of meta-atoms in the form of rotated
rectangles, ellipses, or more complex anisotropic patterns
[6–12]. When circularly polarized light passes through such
structures, the transmitted cross-polarized light will acquire
a phase delay Φ, which has a near linear dependence on the
rotation angle φ of each meta-atom, i.e., Φ ¼ �2φ, where
the sign � corresponds to the incident left- and right-
handed circular polarizations (LCP and RCP) [13,14]. This
simple and robust phase control scheme offers straightfor-
ward routes for designing various phase-type optical
elements, such as vortex plates [15–17], flat lenses
[18–20], and metaholograms [21–24]. In principle, all
previous methods to generate geometric phase rely on the
polarization conversion enabled by anisotropic structures,

and subwavelength structures with ≥ 3 rotational sym-
metries are thought to be isotropic and no geometric phase
could be observed [25,26].
In nonlinear metasurfaces, the geometric phases can be

written in a more general form. Under the illumination of
circularly polarized fundamental wave, the transmitted
nonlinear harmonic waves with the same or opposite
helicity will carry the phase factors of �ðn − 1Þφ and
�ðnþ 1Þφ, respectively [26–28], where n is the order of
harmonic generation. Since harmonic generations should
satisfy the selection rules to ensure momentum conserva-
tion, structures with multiple rotational symmetry are
required to generate the nonlinear signal [26].
In this Letter, we show for the first time that subwave-

length structures with rotational symmetry ≥ 3 can tailor
the optical anisotropy owing to the lattice coupling effect,
and further, high-order geometric phases that manifest as
multiple times the rotation angle of the elements could be
achieved in the linear optics regime. Several metasurfaces
consisting of space-variant nanoapertures with C3 and C5
rotational symmetries are fabricated to demonstrate the
wave front manipulation capacity. The results not only
prove that the highly symmetric structures are anisotropic
in symmetrically incompatible lattices, but also show that
these structures can introduce geometric phases different
from the previous relation of Φ ¼ �2φ. Since the geo-
metric phase is imprinted on the fundamental wave, these
effects are essentially different from the nonlinear phase for
harmonic generations [26–29].
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Figure 1(a) shows three kinds of nanoapertures with
differentfold rotational symmetries arranged in a square
lattice. It is well known that the rectangular aperture with
twofold rotational symmetry (C2) can generate a geometric
phase of �2φ on the transmitted light with opposite
handedness [1,2]. However, as shown in Figs. 1(b) and
1(c), for the regular triangular aperture with C3 rotational
symmetry and the regular pentagonal aperture with C5
rotational symmetry, spin-dependent phases of about �6φ
and ∓ 10φ are generated (see Sec. S1 of Supplemental
Material for more details [30]).
The phase shifts shown in Figs. 1(b) and 1(c) have two

notable properties. On the one hand, they are not com-
pletely opposite for LCP and RCP illuminations because
the total phase shifts comprise both a spin-independent
dynamic phase and a spin-dependent geometric phase (see
Sec. S2 of Supplemental Material [30]). On the other hand,
the phase shifts are exact multiple times of the orientation
angle φ for only some specific points. For the triangular
(pentagonal) apertures under LCP illumination, when
the angle φ changes 30° (18°), there is a wavelength-
independent phase shift of 180° (−180°) for the cross-
polarized wave, i.e., a geometric phase shift of 6φ (−10φ)
are generated. By filtering out the dynamic phase, one
could find that φ ¼ 15° (9°) also belongs to the symmetric
points, corresponding to a geometric phase shift of 90°
(−90°) for LCP illumination. For other intermediate

rotation angles, the phase shifts are typically approximate
values of the multiple relationships (see Sec. S2 of
Supplemental Material [30]). Note that this approximate
nature has also been observed in C2 structures [11,23,24].
The high-order geometric phase shifts can be understood

by analyzing the rotational symmetry and the lattice
coupling effect in the metasurfaces. Note that although
both the lattice and single elements have high rotational
symmetry (≥ 3), the whole metasurface may be not
isotropic. When the metasurface is anisotropic, there must
be only two principal axes owing to the physical limitation
of effective medium theory [31]. In this case, high-order
geometric phase could be explained using the rotation of
the effective principal axis (see Sec. S3 of Supplemental
Material [30]).
For simplicity, we first analyze the case for meta-atoms

in a square lattice. As illustrated in Fig. 2, for the C1 and C2
meta-atoms, the principal axis has an approximately equal
rotation angle as the single meta-atom. For meta-atoms
with three and higher rotational symmetry, however, there
is a multiple relationship between the rotation angles of the
principal axes and meta-atoms, as shown in Figs. 2(c)–2(f).
Different from the cases of C3 and C10 structures, the
rotation directions of the principal axes are opposite to that
of single meta-atoms for C5 and C6 meta-atoms. When the
C5 and C6 meta-atoms rotate by 9° and 15°, both the
principal axes rotate by −45°. In principle, this unusual
rotational characteristic cannot be easily figured out
by only investigating the geometric features. Instead,

FIG. 1. (a) Illustration of meta-atoms consisting of rectangular,
regular triangular, and regular pentagonal apertures. LCP illumi-
nation and RCP transmission are plotted. The apertures can rotate
in the x-y plane with an orientation angle of φ. (b),(c) Simulated
phase shift of the transmitted cross-polarized light as a function of
the orientation angle φ of the regular (b) triangular and (c) pen-
tagonal nanoapertures under LCP (solid lines, left axis) and RCP
(dotted lines, right axis) illuminations. The insets illustrate the
geometry of the designed meta-atoms, where 120-nm-thick gold
films are deposited on SiO2 substrate. The periods and length are
px ¼ py ¼ 200 nm and l ¼ 160 nm for the triangular meta-
atoms, and px ¼ py ¼ 400 nm and l ¼ 200 nm for the pentago-
nal meta-atoms.

FIG. 2. Rotation dependence of the principal axis and meta-
atoms with (a) C1, (b) C2, (c) C3, (d) C6, (e) C5, and (f) C10
rotational symmetry. The double-headed arrows indicate the
orientations of the principal array axis, which correspond to
the evolution of the polarization states. (g) Schematic of polari-
zation evolution on the Poincaré sphere for the triangular meta-
atom. (h) Absolute value of the coefficient (jΦ=φj) of geometric
phase for different rotational symmetries.
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numerical simulations of either the geometric phases or the
transmission coefficients are required to determine the
signs (see Secs. S2 and S4 of Supplemental Material [30]).
The novel geometric phase can also be understood via

polarization evolution on the Poincaré sphere. As shown in
Fig. 2(g), the north and the south poles of the sphere
correspond to RCP (jRi) and LCP (jLi) states, respectively,
and different azimuthal positions on the equator correspond
to different linear polarization states (double-headed
arrows). By taking advantage of the multifold relationship
of θ and φ, the high-order geometric phase could be easily
understood. For instance, when the C3 meta-atom has a
rotation angle of φ, the principal axis will be rotated by θ
and the light waves will undergo two different paths A and
B, resulting in a phase shift of Φ ¼ �2θ ≈�6φ.
In the following, we extend the geometric phase theory

to a more general case. For meta-atom with n-fold rota-
tional symmetry placed in a square lattice, when the
principal axis is rotated by 90° (see Sec. S5 of
Supplemental Material [30]), the meta-atom has a minimal
rotation angle of

γ ¼ 90° −
360°
n

�
n
4

�
; ð1Þ

where [ ] is the nearest integer function. When n is multiple
of 4, there is γ ¼ 0, implying that these elements have
isotropic response. Considering that γ is related to a rotation
of 90° for the principal axis, the general geometric phase
could be written as

Φ ¼ 2 ×
�90°
γ

φ: ð2Þ

Here, the sign of � can be determined by numerically
investigating the rotating direction of the principal axis (see
Sec. S4 of Supplemental Material [30]).
As illustrated in Fig. 2(h), the absolute coefficient of

geometric phase for different rotational symmetry is di-
vided into two branches based on the parity of the rotational
symmetry. Consequently, Eq. (2) can be written in an
alternative form based on the parity of symmetry (see
Sec. S5 of Supplemental Material [30])

Φ ¼
��2nφ; n is odd;

�nφ; n is even:
ð3Þ

Similarly, the geometric phase of meta-atoms in the
hexagonal lattice can be deduced with a bit more complex
expressions (see Sec. S5 of Supplemental Material [30]).
The geometric phase for both the square and hexagonal
lattices are summarized in Table I, and the numerical results
for C1–C10 meta-atoms are shown in Secs. S6 and S7 of
Supplemental Material [30]. Note that the phase response
can be observed for various apertures with the same local
rotational symmetries as well as their Babinet-inverted
structures [30]. According to these relationships, one can
obtain a well-defined geometric phase with the desired
gradient in the range of 0–2 π by choosing appropriate
rotational symmetry of the meta-atoms and lattices.
One limit of our current results is the relatively low

polarization conversion efficiency, which could be
increased by adopting dielectric materials or reflective
configuration (see Sec. S8 of Supplemental Material for
details [30]). Note that the incident light needs to be at
normal incidence, thus the rotational symmetry of the
overall system is maintained. For light at oblique incidence,
the symmetry would change and the phase responses may
be deteriorated.
To demonstrate the concept of high-order geometric

phase, three plasmonic gradient metasurfaces consisting of
spatially varying triangular, Y-shaped, and pentagonal
nanoapertures were designed to realize the angular spin
Hall effect of light (SHEL) [37]. The phase gradient
induced by a linear change of orientation with the coor-
dinates produces a spin-dependent transverse wave vector.
Thus, the gradient metasurfaces deflect LCP and RCP
light to opposite directions. The sample fabrication and
measurement procedures are provided in Sec. S9 of
Supplemental Material [30]. As illustrated in Fig. 3(a),
the supercells (dashed boxes) were designed to cover the
optical phase from 0 to 2π with 12 discrete levels that have
equal phase jump. The cross-polarized electric fields Ecross
for circularly polarized incidence at a wavelength of
633 nm are filtered out and illustrated in Fig. 3(b).
Under LCP incidence, the cross-polarized (RCP) light is
deflected to the x direction for the triangular and Y-shaped
metasurfaces while to the −x direction for the pentagonal
one. Under RCP incidence, reversed deflection angles can
be observed. Figure 3(c) shows the simulated normalized
far-field intensity distributions of the nanoapertures arrays
for several different incident wavelengths. Excellent beam
deflection can be observed in all the cases, agreeing well

TABLE I. Geometric phases introduced by meta-atoms with C1–C10 rotational symmetries in the square or hexagonal lattice under
LCP and RCP illuminations.

Lattice Polarization C1 C2 C3 C4 C5 C6 C7 C8 C9 C10

Square LCP 2φ 2φ 6φ −10φ −6φ −14φ 18φ 10φ
RCP −2φ −2φ −6φ 10φ 6φ 14φ −18φ −10φ

Hexagonal LCP 2φ 2φ 8φ 20φ 14φ 8φ −10φ
RCP −2φ −2φ −8φ −20φ −14φ −8φ 10φ
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with the theoretical expectation. Subsequently, experiments
were performed and the measured diffraction patterns are
shown in Fig. 3(d). Under LCP or RCP illumination, the
cross-polarized RCP or LCP light is diffracted to the −first
or þfirst order for sample 1 and sample 2, and the þfirst or
−first order for sample 3. Owing to the imperfection of our
quarter-wave plates and polarizers in the experimental
setup, as well as the fabrication and measurement errors,
the zeroth-order diffraction corresponding to copolarized
light is not vanishing and the −first-order diffraction
intensities are not fully equal to those in the first order.
To further demonstrate the large phase shifts, three

vortex plates consisting of C2, C3, and C5 nanoapertures
in the square lattice were designed. All the metasurfaces
were created by rotating the nanoapertures 180° counter-
clockwise in the x-y plane, which could introduce a helical
phase shift expðilψÞ, creating a vortex beam carrying orbital
angular momentum (OAM) [5]. Here, l is the topological
charge and ψ is the azimuthal angle. Under LCP illumina-
tion, the generated vortex beams would possess topological
charges of l ¼ 1, 3, −5 for C2, C3, and C5 structures,
respectively. A spherical phase was superimposed onto the
helical phase to straightforwardly characterize the topologi-
cal charges (see Sec. S10 of Supplemental Material for

details [30]). The SEM images of the fabricated samples are
depicted in Figs. 4(a) and 4(b), and the measured interfer-
ence patterns are shown in Fig. 4(c). As we predicted, the
rectangle-, triangle-, and pentagon-based samples can gen-
erate OAM beams with the topological charge l ¼ 1, 3, and
−5, respectively.Themeasurements of triangle-based vortex
plates in a broad band are also provided in Sec. S11 of
Supplemental Material [30]. The nonuniformity of the
intensity distributions of the triangular and pentagonal
metasurfaces is resulting from the limited polarization
conversion efficiency and small sample size (R ¼ 8 μm),
which can be ameliorated by further optimizing the structure
geometry and increasing the fabrication area. For the
pentagonal sample, the relatively large phase deviations
shown in Fig. 1(c) would also deteriorate the performance.
Moreover, because the generated topological charge is
strongly dependent on the local symmetry of the meta-
atoms, the fabrication errors would influence the interfer-
ence results especially for nanoapertures with high-order
symmetries.
In summary, we have shown for the first time that

rotationally symmetric meta-atoms in symmetrically
incompatible lattice could induce high-order geometric
phases in the linear optics regime. These surprising results

FIG. 3. (a) Scanning electron microscopy (SEM) images of the fabricated samples. Scale bars, 500 nm. All the metasurfaces have a
total area of 14.4 μm × 14.4 μm. (b) Simulated Ecross field distributions of the three metasurfaces for the incident wavelength of 633 nm.
(c) Simulated far-field intensity distributions for different incident wavelengths. The first, second, and third rows correspond to the
incident wavelengths of 633, 650, and 670 nm, respectively. (d) Measured diffraction patterns from the three samples under LCP
illumination (left column) and RCP illumination (right column).
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demonstrate that the geometric phase depends not only on
the symmetry of the meta-atoms, but also on the symmetry
of the lattice. For instance, C3 and C6 elements can
introduce geometric phase in a square lattice, but not in
a hexagonal lattice whose symmetry is consistent with that
of the meta-atoms. Analogously, C4 structures have no
geometric phase response in a square lattice, but geometric
phases can be introduced if they are arranged in a
hexagonal lattice. By controlling the local symmetry and
global phase profile, angular SHEL and optical vortices
generations are theoretically and experimentally demon-
strated. These results may find potential applications in
multifunctional light field modulation. Moreover, since the
meta-atoms with high-order rotational symmetries are
usually employed for harmonic generations and wave
front shaping [26], they could provide a versatile platform
for simultaneously tailoring linear and nonlinear optical
responses.
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