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existence of defect or disorder will inevi-
tably result in the destruction of intrinsic 
photonic bandgaps, thus impairing the 
practical performance of desired design 
for wave propagation.[2] By contrary, recent 
developments in micro- and nanopho-
tonics have demonstrated that disorder 
structure with spatially inhomogeneous 
material, including random or chaotic 
structures, could be well utilized as an 
another degree of freedom to yield various 
new optical phenomena.[3–5] Particularly, 
a variety of nonconventional optical func-
tionalities have been proposed in diverse 
areas of optical applications, ranging from 
optical Anderson localization in deep sub-
wavelength photonic structures,[6] broad-
band momentum transformation and 
spatiotemporal instability suppression in a 
chaotic optical microcavity,[7,8] and optical 
transition in the disordered plasmonic 
system[9,10] to perfect focusing in disor-
dered media.[11,12]

Consisting of arrays of artificial nano-
structures (or meta-atoms), metasurface 

can arbitrarily manipulate the amplitude, phase, and polari-
zation of the incident light field at subwavelength scale[13–15] 
and therefore has been widely applied to planar imaging,[16–19] 
meta-holograms,[20–22] quantum optics,[23–26] and complex 
beam generators.[27–31] Most recently, disorder engineering has 
been introduced into metasurface by randomly manipulating 
the spatially inhomogeneous phase retardation of  meta-atoms, 

Recently, disordered metasurfaces have attracted considerable interest due to 
their potential applications in imaging, holography, and wavefront shaping. 
However, how to emerge long-range ordered phase distribution in disordered 
metasurfaces remains an outstanding problem. Here, a general framework 
is proposed to generate a spatially homogeneous in-plane phase distribution 
from a disordered metasurface, by engineering disorder parameters together 
with topology optimization. As a proof-of-concept demonstration, an all-die-
lectric disordered supercell metasurface with relatively homogeneous in-plane 
phase fluctuation is designed by disorder parameter engineering, manifesting 
as polarization conversion-dependent random scattering or unidirectional 
transmission. Then, a topology optimization approach is utilized to overcome 
the lattice coupling effect and to further improve the homogeneity of complex 
electric field fluctuation. In comparison with the initial supercell metasurface, 
both the phase fluctuation range and the relative efficiency of the topology-
optimized freeform metasurface are significantly improved, leading to a 
long-range ordered electric field distribution. Moreover, three experimental 
realizations are performed, all of which agree well with the theoretical results. 
This methodology may inspire more exotic optical phenomena and find more 
promising applications in disordered metasurfaces and disordered optics.

1. Introduction

Owing to the uncontrollable optical random scattering, irreg-
ular, or disordered structures have been considered as an unfa-
vorable factor in the design and fabrication of traditional optical 
devices.[1] For example, photonic crystal is a typical optical 
device consisting of ordered period structures, wherein the 
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leading to disordered phase metasurface that serves as a com-
pact and versatile platform for emerging intriguing function-
alities.[32–40] For example, completely disordering orientation-
dependent geometric phase enables the emergence of random 
Rashba effect,[33] while engineering the disordered guided 
mode propagation phase offers a unique capability for wave-
front shaping with a large optical memory effect range.[34] 
However, previous works mainly focused on the disorder func-
tionality, while the opposite functionality—order in a disor-
dered metasurface—is seriously neglected. In fact, the order 
that existed in disorder is an important concept and has been 
widely used in various disordered structures.[41–43] Unfortu-
nately, how to emerge long-range order in a disordered metas-
urface has been elusive.

Here, we propose a general framework for efficient design of 
long-range-ordered in-plane phase distribution, by engineering 
disorder parameters together with topology optimization in a 
supercell metasurface. Specifically, it is shown that spatially 
homogeneous in-plane phase distribution could be obtained 
in a disordered metasurface where both the propagation phase 
and geometric phase are randomly distributed. As a proof-of-
concept demonstration, an all-dielectric disordered supercell 
metasurface is designed based on disordered parameter engi-
neering, offering a relatively homogeneous phase fluctuation. 
Depending on different polarization conversions, the metasur-
face manifests as random scattering or unidirectional transmis-
sion. Moreover, a freeform disordered metasurface is further 
proposed by using adjoint-based topology optimization, which 
enables us to suppress both in-plane phase and in-plane ampli-
tude fluctuations simultaneously. Notably, to the best of our 
knowledge, it is the first application of topology optimization in 
a disordered metasurface. As a result, the topology-optimized 
phase fluctuation range is improved about four times than 
that of the initial disordered supercell metasurface, while the 
relative efficiency of transmitted circularly polarized light is 
improved by about 39%. Furthermore, the theoretical results 
are well demonstrated by three different experiments. Our 
general framework could be simply extended to other types of 
phase retardation mechanisms, opening an exciting avenue to 
inspire more exotic optical phenomena in disordered metasur-
faces and disordered optics.

2. Results

2.1. Principle of Disorder Parameter Engineering

Without loss of generality, we consider a disordered metas-
urface that includes both disordered propagation phase and 
disordered geometric phase. As shown in Figure 1a–c, the dis-
ordered phase metasurface is designed as a supercell structure 
to realize random-in-plane phase distribution, wherein each 
supercell contains several meta-atoms. Figure  1a,d present 
the supercell metasurface with disordered propagation phase, 
where both width w(x,y) and length l(x,y) of every nanorod in 
meta-atom are randomly varied. Such random-in-plane propa-
gation phase could be defined as Ξp(x,y) = εp(x,y) · 2π, where 
εp(x,y) ∈ [0,1] is a disorder parameter of propagation phase. It 
obeys uniform distribution and is determined by the random 

w(x,y) and l(x,y). Similarly, the geometric phase-disordered 
metasurface is presented in Figure  1b,e, where the disordered 
phase retardation distribution for transmitted cross-polariza-
tion light depends on the spatial-randomly variant orientation 
θ(x,y) of nanorods. Particularly, the random-in-plane geometric 
phase can be written as Ξg(x,y) = ±2θ(x,y) = ±εg(x,y) · 2π, where 
εg(x,y) ∈ [0,1] denotes uniformly distributed disorder parameter 
of geometric phase and the sign ± depends on the chirality of 
incident light.

As indicated in Figure  1c,f, when all the structural param-
eters w(x,y), l(x,y), and θ(x,y) of every nanorod are randomly 
varied, the transmitted cross-polarization light through such 
disordered metasurface acquires both random propagation 
phase retardation and random geometric phase retardation. 
Therefore, total random-in-plane phase accumulation for cross-
polarization and co-polarization conversions in the disordered 
metasurface is governed by

x y
x y x y
x y x y
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π ε ε
π ε ε
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(1)

where |L> and |R> denote left- and right-handed circular polari-
zations (LCP and RCP), respectively.

Equation  (1) reveals that, similar to the composite-phase 
engineering approach in ordered metasurface, it is possible 
to emerge long-range ordered phase distribution in such dis-
ordered metasurface by elaborately engineering the disorder 
parameters εp(x,y) and εg(x,y). For instance, homogeneous 
in-plane phase distribution, that is, long-range order, could 
be obtained when εp(x,y) = −εg(x,y), as shown in Figure  1i. In 
contrast, when only one disorder parameter affects (Figure 1g) 
or two disorder parameters are mismatched (Figure 1h), the in-
plane phase accumulation is still spatial-randomly distributed. 
Note that when i) the disorder parameters εp(x,y) and εg(x,y) 
are constant, that is, the structural parameters w(x,y), l(x,y), 
and θ(x,y) are not randomly varied, ii) the supercell becomes 
trivial, that is, it only contains one meta-atom, the Equation (1) 
degenerates into Equation  (S1)in Supporting Information (see 
Section S1, Supporting Information for details). Therefore, dis-
order parameter engineering is a more general formalism of 
composite-phase manipulation that is prevalently proposed in 
ordered metasurfaces.[44–48]

2.2. Disordered Supercell Metasurface

As an example, we utilize the abovementioned disorder para-
meter engineering to emerge long-range order from the dis-
ordered metasurface shown in Figure  1c. Figure  2a presents 
the designed all-dielectric disordered metasurface, including 
the corresponding geometrical structure of meta-atoms. In 
particular, the disordered supercell metasurface contains 121 
of meta-atoms, including 11 of sub-periods in each direction. 
The period of meta-atoms and the height of nanorods keep con-
stant, that is, px = py = 3.1 μm and h = 8 μm for each meta-atom. 
Meanwhile, the other three geometrical parameters (i.e., width 
w, length l, and orientation θ) are randomly changed for dif-

Adv. Mater. 2022, 34, 2108709
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ferent meta-atoms. Based on such supercell structure, we first 
generate the disordered parameter εg (i.e., random geometric 
phase distribution) by randomly varying the orientation θ of 
meta-atoms. Once the εg is confirmed, we then scan the specific 
parameter space of (w,l) from the structure parameter library 
for every nanorod, making εp a valid match with εg. It is worth 
mentioning that the supercell period of 34.1  μm is selected 
based on the balance of disorder functionality and computa-
tional resource. The amplitude and phase of transmitted light 
for cross-polarization conversion as functions of w and l are 
presented in Figure  2b, where the library range is w  ∈ [0.1px, 
0.9px] = [0.31  μm, 2.79  μm] and l  ∈ [0.1py, 0.9py] = [0.31  μm, 
2.79 μm]. It shows that the propagation phase range of [0, 2π] 
could be covered and relatively high amplitude could be simul-
taneously achieved by properly selecting w and l.

Figure 2c,d present the in-plane amplitude and phase distribu-
tion of polarized light transmitted from the disordered supercell 
metasurface under different co-polarization and cross-polariza-

tion conversions. For the co-polarization conversions (|R> → |R> 
and |L>  →  |L>) where only disorder parameter εp affects, as 
shown in the first two columns in Figure 2c,d, the transmitted 
circularly polarized light has spatially random in-plane amplitude 
and phase distribution. A similar situation appears when the two 
disorder parameters εp and εg are mismatched (|R>  →  |L>), as 
presented in the third column of Figure 2c,d. In contrast, the last 
column of Figure 2c,d indicate that, when εp and εg are matched 
exactly (|L> → |R>), spatially homogeneous amplitude and phase 
distribution emerge in the disordered supercell metasurface. 
Moreover, simulated transmitted electric field distribution in xoz 
plane confirms that the matched cross-polarization conversion 
(|L>  →  |R>) possesses a uniform wavefront, leading to direc-
tional transmission along the normal direction (see Figure  S1, 
Supporting Information for details). On the contrary, for other 
mismatched cross-polarization conversions, the transmitted 
electric field has heterogeneous wavefronts, thus manifesting as 
undirectional, random scattering.

Adv. Mater. 2022, 34, 2108709

Figure 1. Concept of disorder parameter engineering in the disordered metasurface. a–c) Disordered supercell metasurface exhibiting disordered 
propagation phase (a), disordered geometric phase (b), and disordered composite-phase (c). d–f) Meta-atoms arrangement of the disordered meta-
surface, corresponding to the blue dashed frame in (a–c), respectively. In (d), width w and length l of nanorods are random; In (e), orientation θ is 
random; In (d), all the three structural parameters are randomly varied. g–i) Disordered phase distribution of different circularly polarized light trans-
mitted from disordered composite-phase metasurface shown in (c), for co-polarization conversion (g) and cross-polarization conversion (h,i). Ξp, Ξg, 
and Ξ indicate disordered propagation phase, disordered geometric phase, and disordered composite-phase, respectively. For clarity, the range of Ξp, 
Ξg, and Ξ are set to [0, 2π], [−2π, 0], and [−π, π], respectively.
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To characterize the spatial homogeneity of in-plane phase 
distribution, the 3D distribution of phase fluctuation for 
|L>  →  |R> conversion is further presented in Figure  2e. It 
shows that, although the disordered parameters are optimized 
by using the parameter scanning approach, the in-plane phase 
distribution still has an apparent fluctuation between [−65°, 
35°], leading to a fluctuation range of about 100°. Moreover, the 
corresponding probability distribution of phase in meta-atoms 
shows that there still has plenty of room for the improvement 
of phase homogeneity (see Figure  S2, Supporting Informa-

tion for details). Furthermore, Figure  2f presents the simu-
lated amplitude distributions in different diffraction orders for 
matched cross-polarization conversion (|L>  →  |R>), where the 
(0,0) diffraction order dominates the transmitted light energy 
(see Figure  S3, Supporting Information for other polarization 
conversions). In fact, the absolute efficiency of transmitted 
RCP light in (0,0) diffraction order and other higher diffraction 
orders are 21.44% and 2.10%, respectively (see Figure S4, Sup-
porting Information for details). Therefore, the (0,0) diffraction 
order energy ratio of RCP light defined as η  = I(0,0)/I, where 

Adv. Mater. 2022, 34, 2108709

Figure 2. Disordered supercell metasurface. a) Schematic of disordered supercell metasurface. The inset shows the geometrical parameters of meta-
atom, where px = py = 3.1 μm and h = 8 μm. The width w, length l, and orientation θ are randomly varied for different meta-atoms. Scale bar: 5 μm. b) 
Parameter library of transmitted amplitude and phase as functions of w and l for solitary meta-atom. c,d) In-plane amplitude and phase distribution 
of transmitted light for different polarization conversions. Scale bar: 5 μm. e) 3D distribution of phase fluctuation of transmitted light for |L> → |R> 
conversion. The gray plane indicates the zero line of phase fluctuation. The projection of 3D distribution in the xoy plane corresponds the phase distri-
bution in the fourth column of (d). f) Simulated amplitude distributions in different diffraction orders for |L> → |R> conversion.
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I(0,0) and I respectively denote the light intensity in the (0,0) 
diffraction order and the total intensity of transmitted RCP 
light, is about 91.08%. Furthermore, the simulation results of 
diffraction intensity show that when the LCP light is incident 
at the disordered metasurface, the relative efficiency of trans-
mitted RCP light is calculated as 69.14%.

2.3. Freeform Disordered Metasurface

As shown in Figure  2, there still has distinct fluctuations in 
the in-plane amplitude and phase distribution, although the 
structure parameters have been elaborately optimized. In 
essence, the unavoidable resonance coupling between adjoint 
meta-atoms in the discrete subwavelength structure is the 
main cause of such undesirable fluctuations. In comparison 
with discrete structure, however, the continuous structure 
could effectively suppress the resonance coupling and has the 
potential ability to eliminate the undesirable in-plane elec-
tric field fluctuations.[49] Therefore, we further demonstrate a 
quasi-continuous freeform disordered metasurface by using 
the topology optimization approach (see Experimental Section 
for details).

The evolutions of the figure of merit (FoM) in the topology 
optimization process is presented in Figure  3a. It shows that 
the FoM of final freeform metasurface presented in Figure 3b 
has been improved more than threefold compared with the 
initial metasurface. Figure 3c,d indicate the corresponding in-
plane amplitude and phase distribution of transmitted polar-
ized light under different co-polarization and cross-polariza-
tion conversions. In comparison with Figure 2c,d, Figure 3c,d 
clearly reveal that, attributing to the efficient suppression of 
complex electric field fluctuations during the topology optimi-
zation process, the spatial homogeneity of in-plane amplitude 
and phase distribution for |L> →  |R> conversion are both dra-
matically improved. More importantly, Figure 3e shows that the 
in-plane phase fluctuation for |L> →  |R> conversion is greatly 
condensed to [−17°, 10°]. Therefore, the phase fluctuation range 
(27°) is reduced about four times than that of the initial super-
cell metasurface shown in Figure 2e. Moreover, the phase prob-
ability distribution presented in Figure 3f also shows the supe-
rior spatial homogeneity of the topology-optimized freeform 
disorder metasurface.
Figure 4a,b present the simulated electric field distribution of 

transmitted cross-polarization light. On the one hand, in com-
parison with the fragmented wavefront shown in Figure 4a for 
|R> →  |L> conversion, Figure 4b exhibits a more complete and 
ordered wavefront for |L>  →  |R> conversion. The other mis-
matched co-polarization conversions also exhibit the random 
wavefront (see Figure S5, Supporting Information for details). 
On the other hand, Figure  4b also shows that the topology-
optimized freeform metasurface has a more smooth wavefront 
distribution in comparison with that of the initial metasurface 
(see Figure S1d, Supporting Information). Therefore, the free-
form metasurface possesses a better functionality of directional 
transmission for |L> →  |R> conversion, which is further dem-
onstrated in Figure 4d. It shows that the vast majority of trans-
mitted light energy concentrates in the (0,0) diffraction order. In 
particular, the corresponding absolute efficiency of transmitted 

RCP light in the (0,0) diffraction order is 38.33% and the total 
absolute efficiency of transmitted RCP light is 38.52%, leading 
to almost 100% of the (0,0) diffraction order energy ratio (see 
Figure S6, Supporting Information for details). Moreover, when 
the LCP light is incident at the topology-optimized freeform 
metasurface, the relative efficiency of transmitted RCP light is 
about 96.04%, which is improved about 39% than that of the 
initial metasurface.

2.4. Experimental Demonstration

To verify the theoretical design, both disordered supercell 
metasurface (Sample I) and topology-optimized freeform 
metasurface (Sample II) are fabricated by electron beam 
lithography (EBL). The sizes of the two samples are about 
3.75 mm × 3.75 mm, consisting of 110 × 110 repetitions of the 
supercell structures respectively shown in Figures 2a and 3b. 
Figure  5a,b show the scanning electron microscopy (SEM) 
images of Sample I and Sample II, respectively. We first 
measured the diffraction intensity distributions of two sam-
ples under the illumination of a 10.6  μm circularly polarized 
laser beam. In order to directly image the intensity distribu-
tion of different diffraction orders via an infrared detector, a 
self-developed Pancharatnam–Berry phase-based metalens[50] 
(PB lens) is adopted to perform the Fourier transform of the 
transmitted light field (see Figure  S7, Supporting Informa-
tion for experiment set-up). Owing to the chirality-dependent 
response of the PB lens that could be tuned by the incident 
direction, we could measure all the diffraction intensity dis-
tributions for four polarization conversions. The measured 
results for Sample I and Sample II are respectively presented 
in Figures 5c,d, which demonstrated that the high diffraction 
orders of |L>  →  |R> conversion are much fewer than that of 
mismatched polarization conversion (see Figure  S7, Sup-
porting Information for other mismatched polarization con-
versions). Note that owing to the gap between metasurface and 
PB lens, only part of the diffraction orders could be observed, 
that is, the intensity distribution information in (± 3, ± 3) dif-
fraction orders are missed. Importantly, the measured diffrac-
tion results shown in Figure 5d further demonstrated that the 
high diffraction orders of |L> → |R> conversion are completely 
disappeared in the topology-optimized Sample II. Moreover, 
the measured normalized intensities of different diffraction 
orders from (−2,−2) to (+2,+2) are presented in Figure  5e. It 
clearly shows that the phase fluctuation is greatly suppressed 
by the topology optimization approach, which is well coinci-
dent with theoretical results.

In addition, we also performed an imaging experiment to 
further demonstrate the long-range order of two samples (see 
Figure  S8, Supporting Information for experiment set-up). 
Figure  5f,g present the optical imaging results of USAF 1951 
resolution test chart for Samples I and II, respectively. Note 
that owing to the limited numerical aperture (NA ≈ 0.55) of 
the infrared lens, the imaging system only captures a limited 
field of view of transmitted light. Therefore, the imaging effect 
is unsatisfactory even for direct imaging without metasurface 
samples (see Figure  S9, Supporting Information for details). 
As shown in 5f, a clear image (fuzzy image) is obtained when 

Adv. Mater. 2022, 34, 2108709
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the metasurface sample is illuminated with LCP (RCP) light. 
This indicates that the in-plane phase distribution is long-range 
ordered for LCP light. A simular result appears for Sample II, 
as shown in Figure 5h. However, the optical image of Sample 
II under LCP illumination is more distinguishable than that of 
Sample I, indicating the great advantage of the topology-opti-
mized freeform metasurface. Furthermore, the experimental 
results of far-field intensity distribution also confirmed the 

theoretical designs (see Section S2 and Figure S10, Supporting 
Information for details).

3. Conclusion

We have proposed a general framework to efficiently extract 
long-range order in a disordered composite-phase  metasurface. 

Adv. Mater. 2022, 34, 2108709

Figure 3. Freeform disordered metasurface. a) Evolution of FoM curve during the topology optimization process. Three insets show the corresponding 
metasurface topology at different iterations of the topology optimization. b) Schematic of freeform disordered metasurface after topology optimiza-
tion. Scale bar: 5  μm. c,d) In-plane amplitude and phase distribution of transmitted light for different polarization conversions. Scale bar: 5  μm.  
e) 3D distribution of phase fluctuation of transmitted light for |L> → |R> conversion. The gray plane indicates the zero line of phase fluctuation. The 
projection of 3D distribution in the xoy plane corresponds to the phase distribution in the fourth column of (d). f) Probability distribution of phase 
fluctuation corresponding to (e).
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In particular, disorder parameters engineering and topology 
optimization approach are employed in turn to suppress 
the in-plane complex electric field fluctuation, providing an 
almost completely homogeneous in-plane phase fluctuation. 
As a result, directional transmission could be realized in the 
topology-optimized disordered metasurface for specific cross-
polarization conversion, while random scattering appears for 
the other polarization conversions. Moreover, both three experi-
mental demonstrations, including diffraction intensity distribu-
tion measurement, imaging experiment, andfar-field intensity 
distribution measurement, show excellent agreement with 
theoretical results.

We suggest that, based on different types of phase retarda-
tion mechanism, the proposed method has a promising poten-
tial to emerge more diversified functionalities in disordered 
metasurfaces, not limiting the freeform disordered metasurface 
proposed here that manifests as a kind of diffraction optical 
element with polarization-dependent control functionality of 
random scattering or directional transmission. For example, 
the exceptional topological phase has recently been shown to 
exhibit robust phase retardation around the exceptional point 
in a non-Hermitian plasmonic metasurface.[48] Therefore, 
simultaneously disordering the exceptional topological phase 
together with the geometric phase is expected to realize the 
independent long-range order control of polarization channels, 
offering an exciting route for polarization-dependent optical 
encryption. Importantly, this general approach could also have 
potential applications in disordered metasurfaces operating 
in other frequencies, including microwave metasurfaces and 
acoustic metasurfaces.

Finally, we hope that the proposed topology optimization 
approach of random phase fluctuation can serve as a signifi-

cant step toward achieving efficient control of polarization-
dependent random scattering in disordered metasurfaces. 
Although topology optimization enables the great improve-
ment of long-range order in disordered metasurfaces, it will 
certainly raise more challenges when the parameter space 
of phase randomness increases. Therefore, an exciting next 
step following our results is to find a reasonable solution to 
implement the disorder topology optimization in a large-scale 
nonperiodic metasurface.

4. Experimental Section
Numerical Simulations: Finite-difference time-domain (FDTD) 

technique was used to perform the full-wave numerical simulations, 
including the amplitude and phase distribution in xoy plane and the 
electric field distribution in xoz plane. For every meta-atom, rectangular 
silicon nanorod with a fixed height of 8  μm was sitting on a silicon 
substrate and the corresponding lattice constant was 3.1 μm. The period 
of supercell metasurface was 34.1 μm, consisting of 11 × 11 repetitions 
of meta-atoms. The incident LCP or RCP plane-wave illuminated 
the nanorods from the substrate side. Periodic boundary conditions 
were adopted along the x and y directions, while a perfectly matched 
layer boundary condition was used along the z axis. The propagation 
phase-retardation and power transmission were obtained by structural 
parameters (width w and length l) sweeping of the nanorods, with 
a varying range of [0.31  μm, 2.79  μm] at an interval of 177  nm (140 
intervals).

Topology Optimization: As presented in Figure  1–i, the disordered 
phase engineering of propagation phase and geometric phase was 
asymmetric, that is, the ordered phase accumulation only emerged in 
cross-polarization conversion while that of co-polarization conversion 
was always disordered. In order to improve the homogeneity of phase 
fluctuation of the disordered supercell metasurface, the only need was 

Adv. Mater. 2022, 34, 2108709

Figure 4. Simulated results of electric field distribution of topology-optimized freeform disordered metasurface. a,b) Simulated real part distribution 
of electric field in the xoz plane for different cross-polarization conversions. The presented simulation region includes three supercells and the black 
dashed rectangle represents the metasurface area. c,d) Simulated amplitude distribution in different diffraction orders for different cross-polarization 
conversions.
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to optimize the corresponding phase fluctuation for cross-polarization 
conversions. As a result, the FoM is defined as

EE EE EE EEFoM |L |R |L |R |R |L |R |L= +→ → → →
   (2)

where E|L〉→|R〉 and E|R〉→|L〉 represent the transmitted complex electric 
field for the corresponding cross-polarization conversions. |L |R→EE  and 

|R |L→EE  indicate the targeted complex electric field for the corresponding 
cross-polarization conversions.

Based on the functionality design of the disordered metasurface, the 
targeted complex electric field |L |R→EE  and |R |L→EE  are defined as

EE

EE

|L |R 0

|R |L 0

0

( , )

A e

A e

i

i x y

=

=









ψ

ψ

→

→





 (3)

where A0 is constant normalized amplitude, ψ0 is spatial-independent 
phase constant representing homogeneous phase fluctuation, and 

ψ(x,y) represents spatial-dependent random phase fluctuation and is 
pregenerated by 2D random distribution. Therefore, the partial derivative 
of FoM with respect to the complex electric field E is given by

EE
EE EEFoM

|R |L
*

|L |R
*∂

∂ = +→ →
   (4)

where * is the complex conjugation operator.
As a result, the adjoint field Eadj is

rr rr
EE

rr rr( , )· FoM ( , )( )adj |R |L
*

|L |R
*E G G E E= ′ ∂

∂ = ′ +→ →
� � � �  (5)

where the pixel points r (r′) represent space loca tion in the metasurface 
structure (target far-field region) and the Maxwell Green’s function 

rr rr( , )G ′


 represents the electric field at location r from induced electric 
dipole at location r′. Based on the adjoint simulation principle,[51–53] the 
updated gradient for pixelated dielectric constant distribution (namely 
metasurface topology) in every topology optimization iteration could be 

Figure 5. Experimental demonstrations of the disordered metasurface. a,b) Top view SEM images of disordered supercell metasurface (a, Sample I) and 
freeform disordered metasurface (b, Sample II). Right: zoomed tilt-view SEM images. Scale bar: 5 μm. c,d) Measured diffraction intensity distribution of 
Sample I (c) and Sample II (d) for different polarization conversions. Scale bar: 2 mm. e) Measured normalized intensity of different diffraction orders 
for |L> → |R> conversion. f,g) Optical imaging results of Sample I (f) and Sample II (g) for different circularly polarized incident light. Scale bar: 2 mm.
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calculated from the product of forward complex electric field and adjoint 
complex electric field, which is expressed by

rr
rr

EE rr EE rrGrad( ) FoM
( )

2Re[ ( ) ( )]fwd adjε= ∂
∂ = ⋅  (6)

where ε(r) is dielectric constant distribution. Based on the gradient 
changes, the phase fluctuation of the disordered metasurface was 
gradually optimized, leading to a freeform disordered metasurface 
as presented in Figure  4. Note that the disordered supercell 
metasurface shown in Figure  2 was used as the initial structure of 
topology optimization by blurring operation. Moreover, the full-wave 
simulations of the topology optimization process were performed 
with the FDTD technique. To perform topology optimization, the 
supercell metasurface in a single period was reprojected to an 
image pattern with 2360 × 2360 pixels, each of which had a size of  
14.45 nm. The blurring radius in the topology optimization simulation 
was set as 50 pixels (corresponding to 0.72 μm) to obtain a suitable 
optimization space.

Metasurface Fabrication: The schematic of the metasurface 
fabrication process is presented in Figure S11, Supporting Information. 
First, a 500 μm-thick double polished silicon substrate was cleaned by 
the piranha solution followed by ultrasonic cleaning under acetone and 
isopropanol respectively. Next, a 200 nm-thick positive electron resist 
(AR-P6200.09, Allresist) was spin-coated on the substrate and baked at 
150 °C for 60 s. The electron beam patterning was performed by Elionix 
ELS-F125. The exposed sample was developed at room temperature 
for 70 s (AR 600-546, Allresist) and a 30 nm-thick Cr was evaporated 
on the resist. Then the sample was dipped in the remover (AR 600-71,  
Allresist) to lift-off the resist, leaving the Cr mask. The inductively 
coupled plasma reactive ion etching (SENTECH SI 500) was employed 
to etch the silicon structures with SF6 and C4F8 mixture. Finally, 
the Cr mask was removed and the sample was rinsed thoroughly by 
deionized water.

Supporting Information
Supporting Information is available from the Wiley Online Library or 
from the author.
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